Type II self-dual codes ( [16] , [17, p. 194] , [24] ). It is remarkable that there should be a linear code with the same minimal distance and twice as many codewords. Of course the new code is not self-dual. Its properties are summarized in Theorem 1 below.
This family of codes can be generalized in several ways. Besides varying the dimensions of the cube and the faces, one could consider other regular polytopes instead of the cube, or more generally other Weyl groups (our group G is the Weyl group of type B 4 ).
Many other codes have been obtained from modular representations of groups in the past. Of course classical cyclic codes arise from the regular representations of cyclic groups, and include a large number of good examples. In the 1960's Berman [4] , [5] , Camion [11] , Delsarte [19] and MacWilliams [25] , [26] studied other abelian groups, but (perhaps because of the limitations of the computers available) did not find any especially interesting codes.
In 1975 Lomonaco (see [15] ) found a record [45, 13, 16] binary code obtained as an invariant subspace of the regular representation of the group C 3 × C 15 . In [10] , Calderbank and Wales found a [176, 22, 50] code from the Higman-Sims simple group.
Brooke [7] [8] [9] studied a large number of other simple groups, using Richard Parker's ''meat-axe'' [28] , without however finding any new record codes. Representation theory has also been used to construct codes by Liebler [23] , Camion [12] , Rabizzoni [32] , Ward [34] , Zlotnik [36] , Klemm [21] , Charpin [13] , [14] , Bhattacharya [6] , Jensen [20] , Wolfmann [35] , and Landrock and Manz [22] .
However, it seems fair to say that our [32, 17, 8] binary code is the first record code of length less than 100 that comes from a modular representation (where the characteristic of the field divides the order of the group). Furthermore, in contrast to many of the papers mentioned, we do not use the regular representation of the group. Another distinguishing feature of our approach is the relatively large number of invariant subspaces that occur, increasing the chance that one of them is good!
II. The new code
Let G be the automorphism group of the 4-dimensional cube, a group of structure are dual codes. Also C 16 ( 2i) and
. We shall make use of the particular generators u k (i) shown in Table I . Some generators that represent geometrically interesting configurations in the cube are displayed in Fig. 2 .
The code C 17 is the most interesting, and we summarize its properties as follows. 
Remarks.
(i) The dual lattice to Fig. 5 gives all the codes that contain C 17 .
(ii) The best way to remember these codes is to notice that the generator u 15 for the dual C 15 resembles two umbrellas, one of which has lost its fabric (see Fig. 2 ). This vector is stabilized by a subgroup of G of order 6.
(iii) In Table I 
.
(v) A dense 32-dimensional lattice sphere packing may be obtained from C 17 by applying Construction D of [2] . This packing (see [17, p. 235 
of GL 2 ( 2 ).
Theorem 2. (a) Every composition series of V begins and ends
where C 1 = {0 32 , 1 32 } and C 31 consists of all even-weight vectors. In particular, every nontrivial G-invariant code is even, contains 1 32 , and its weight distribution satisfies
(c) The composition factors for V are 1 12 2 10 .
Before proving these theorems we describe what we think is the full list of invariant subspaces. 
Conjecture. (a) The complete list of G-invariant
For Aut (C ′ ) = π Aut (C) π − 1 = Aut (C) = G, implying that π is in the normalizer of G in S 32 . But G is equal to its normalizer, so π ∈ G, and C = C ′.
Proof of Theorem 1. The assertions about the dimension, weight distribution, covering radius and dual code are routine computer verifications. 
Since u can be mapped to v, 
III. An alternative construction
The [32, 17, 8] code C 17 described in Theorem 1 was in fact first found by the following construction. This provides an alternative description, and may be of independent interest. Let * 8 and * 8 ′ be two versions of the [8, 4, 4] Hamming code that intersect only in Table Captions   Table I . Generating vectors u k (i) for selected code C k (i) (in hexadecimal).
